Properties of low-lying octupole vibrations (with K =0, I, 2 and 3) built on superdeformed rotational bands are investigated by means of the RP A in a uniformly rotating frame. Large configuration space composed of 9 major shells is used. Numerical examples are presented for the superdeformed band in 192Hg as a typical case where appreciable amount of static pairing correlations remains at finite values of the rotational frequency. We obtain strongly collective low-frequency octupole vibrations with K=O, 1 and 2. It is shown that the properties of the K=1 octupole vibrations are especially sensitive to the static pairing correlations. The Coriolis-mixings among these soft octupole vibrations are shown to become important when the rotational frequency Wro' <0.2 MeV/n. § 1. Introduction
Quite recently, many excited configurations as well as yrast states of superdeformed rotational bands have been found in both the Hg region and the Gd-Dy region. o -S ) Their microscopic structures are now lively discussed,mainly in terms of the particle-hole excitations 'from the yrast configurations for rotating deformed potentials. Thus, a new field of yrast spectroscopy for nuclear structure, called "superdeformed spectroscopy" is just opening. 5 ) We are interested in the question which kind of collective vibrations could be built on such superdeformed rotational bands. As is well known, properties of nuclear vibrations are intimately connected to the shell structure. Because of the new shell structure called "the 2 : 1 shell structure" in superdeformed nuclei, which is drastically different from that of ordinary deformed nuclei, we expect that new properties emerge for the collective vibrations about the superdeformed equilibrium shape.
In Refs. 6) and 7), we suggested that strongly collective octupole vibrations with K =0 could appear very low in excitation energy in superdeformed nuclei that have magic numbers for the 2: 1 shell structure. In Ref. 8) , we also suggested that octupole vibrations with K=l and 2 could appear below about 2 MeV in excitation energy, in addition to the K=O modes, if appreciable amount of static pairing correlations is present in superdeformed nuclei. This work was, however, restricted to the case that the rotational frequency (i)rot was zero.
Basic framework of our calculation is the RPA based on the cranked Nilsson plus BCS potential, which has been extensively used in order to investigate the properties of the gamma vibrations at high spin. IO ) This framework is easily applicable also to the octupole vibrations built on the superdeformed rotational bands.
We start from the cranked Nilsson plus BCS Hamiltonian,
with Ll and), being the pairing gap and the chemical potential, respectively, and use the doubly-stretched octupole-octupole interactions as residual interactions:
where Q3K are the octupole operators defined in terms of the doubly-stretched coordinates xi'=(W;jWO)Xi with i=l, 2 and 3. Here (w;jwo) denote the ratios of the frequencies of the deformed harmonic-oscillator potential to that of the spherical one. We use K to denote the components of angular momentum on the symmetry axis of the potential. The force-strengths X3K can be determined from the self-consistency conditions between the potential and the density/I) once the single-particle potential at the equilibrium is given. They are given/I) for the deformed harmonic oscillator potential, by
where Pi denotes the Legendre polynomial. We assume that the above expression can be used also for the cranked 
Il )
Because of the [2 and los terms, however, this decoupling is not exactly guaranteed in realistic calculations. We found in fact the effect of the spurious mode on the octupole strength function is less than few percent, so that it is not important.
Procedure of numerical calculation is essentially the same as described in Ref. 10 Before discussing the result of large-scale numerical calculations, it is instructive to consider at CtJrot=O the simple case of the deformed harmonic-oscillator potential with axis ratio 2: 1. By writing the octupole operators Q3K== r3 Y3K in terms of the creation and annihilation operators of the oscillator quanta, we can classify the particle-hole excitations associated with these operators in the following way. The particle-hole excitation energies for the K = 0 modes are classified into four cases: Wz, In the case of axis ratio 2: 1 under consideration, they are given by Nsh=2n-L + n3 =2Nosc -n3 and WSh=Wz, respectively. Thus the K=O octupole modes consist of WSh, two kinds of 3WSh, and 5WSh excitations, which transfer the shell quantum number NSh by LlNsh=l, 3 and 5, respectively. In a similar way, the K =1 octupole modes consist of 0, 2WSh, 4WSh and 6WSh excitations which correspond to LlNsh=O, 2, 4 and 6, respectively. Likewise, the K=2 modes consist of LlNsh=l, 3 and 5 excitations, and the K =3 modes LlNsh =2 and 6 excitations. For a doubly closed shell nucleus where the single-particle levels are completely filled up to a certain number of NSh (for both protons and neutrons), the LlNsh = 0 excitations appearing in the K = 1 octupole modes are forbidden by the Pauli principle. Thus, the lowest-energy particle-hole excitations are those with LlNsh =l which occur for the octupole modes with K=O and 2. Due to the attractive octupole-octupole residual interactions, collective octupole vibrations with K=O and 2 constituted from coherent superpositions of the LlNsh =l particle-hole excitations are shifted down in energy much below their unperturbed energies wSh:::::5 MeV. This is the basic reason why we obtained in Ref. 7 ) very collective K =0 octupole vibrations below 2 MeV in 152Dy. The reason why the collectivity measured by the octupole strength is much higher for the K =0 modes than for the K =2 modes is discussed below by means of the sum-rule consideration.
Next let us consider the case where appreciable amount of static pairing correlations is present even at the doubly closed-shell nucleus for the super deformed shell structure with axis ratio 2 : 1. In this case, two-quasiparticle excitations within the same major shells (having the same shell quantum number NSh ), which are characterized by LlNsh=O, are allowed near the Fermi surface. Therefore, possibility of producing a low-energy K = 1 octupole vibration arises. This is just the point we intend to explore in § 4. Here, a striking characteristic of the 2 : 1 shell structure should be noticed. Namely, each major shell is composed of single-particle levels with both positive and negative parities in almost equal weights. This situation is quite different from the familiar harmonic-oscillator shell structure at the spherical shape, in which each major shell is entirely composed of single-particle levels with either positive or negative parities. Thus, once the K =1 octupole excitations within the same major shell are allowed, they tend to form a very collective vibration, since a large number of such degenerate two-quasiparticle configurations are correlated by attractive octupole-octupole interactions. In this respect, the low-lying K =1 octupole vibration is expected to have some similarities with the low-frequency quadrupole vibrations in open-shell nucleiSuperdeformed open-shell nuclei having valence particles (holes) outside (inside) of the magic numbers associated with the 2: 1 shell structure are expected to have finite pairing gaps Ll. Therefore, we can apply the above consideration for the K =1 octupole modes also to such cases. On the other hand, the shell structure energy, which is responsible for the existence of the super deformed equilibrium shape, is expected to decrease with increasing number of valence particles (holes). It is thus an interesting subject to investigate the region of existence of the K =1 octupole vibrations and to see how their properties change as the number of valence particles (holes) changes.
Lastly, let us evaluate the energy-weighted sum rule value for the octupole operators Q3K. For doubly closed-shell nuclei with respect to the axially symmetric harmonic-oscillator potential, they are analytically calculable. Under the approximation that the density per) is isotropic in the doubly stretched coordinates xi', they are given by16) respectively, at (Orot=O. They diminishes at (Orot::SO.4 MeV. As we mentioned in § 2, this result should be taken in a qualitative sense. The calculated deformation parameter oosc=0.44 is almost the same with the values usually adopted/ 7 ) and is fairly smaller than 0.6 which corresponds to the axis ratio 2: 1. Thus, together with the effects of the [2 and t· s terms in the Nilsson potential, we should expect some deviations of the actual shell structure from that discussed in § 3 for the harmonicoscillator potential with axis ratio exactly 2 : 1. number K=O. Aside from such splittings of the "K=O" mode into two or three peaks, which sensitively depend on the details of the two-quasiparticle poles in the unperturbed response functions, the major character of the K =0 components is the same as that discussed for 152Dy in Ref. 6 ). Namely they are mainly composed of one-particle-one-hole excitations across the superdeformed shells which transfer the shell quantum number NSh by LlNsh =1, and the asymptotic quantum numbers (n3, A) of the Nilsson diagram by Lln3=1 and LlA=O. The unperturbed energies of such excitations constituting the "K =0" modes are clustered at about 5 MeV, i.e., at almost the same energy expected for the case of harmonic-oscillator potential discussed in § 3. This is because relative single-particle energies for the particle-hole configurations with Lln3=1 and LlA=O are rather unaffected in spite of the large shifts in individual energies due to the [ A remarkable new feature of these strength functions, which is absent in the case of 152Dy, is the existence of the octupole vibrations having the approximate quantum number K=1 below 2 MeV. Comparing the RPA strength function with the unperturbed one, we see that it emerges from many two-quasiparticle excitations distributing above 2 MeV which transfer the quantum numbers (NSh, n3, A) by LlNsh=O, Lln3=2 and LlA = ± 1. The octupole strengths of these individual two-quasiparticle configurations are rather small, but they coherently contribute to generate the strongly collective K=1 octupole vibration. In the limit of the deformed harmonicoscillator potential, these excitations correspond to those within the same NSh shell of the 2 : i shell structure, and are therefore forbidden at the closed shell nucleus. This feature persists also for the Nilsson potential, and thus the low-lying "soft K=1 octupole" vibration is absent in the closed shell nuclei, as we have examined 7 ) for 152Dy. However, if the pairing gap Ll is finite as is the case for 192Hg, nucleon distributions over the superdeformed closed shells become smooth and the two-quasiparticle excitations corresponding to such OncvSh excitations are allowed. Their unperturbed excitation energies distribute starting just above the pairing gap 2Ll~2 MeV, since their excitation energies in the Nilsson'potential are very small. Due to the attractive octupole-octupole residual interactions, their energies are lowered, and coherently contribute to form the collective vibrations at about 1.5 MeV. Thus, the existence of a finite pairing gap seems essential for the appearance of the low-lying "soft K =1" octupole vibrations.
It should be emphasized that this mode of excitation exhibits truly a new feature of the superdeformed shell structure in which the major shell is,evenly composed of both positive and negative-parity single-particle orbits. It is also worth emphasizing that this mode is the first example of the isoscalar shape vibrations with K = 1, since the isoscalar dipole and quadrupole modes correspond to the zero-frequency NambuGoldstone modes, i.e., translations and rotations, respectively.
In Figs. 1 ~3 we see that the octupole strengths for the low-lying "K =2" vibration are also very strong. In the case of 152Dy, we obtained in Ref. 7 ) a low-lying K=2 vibration composed mainly of the one-particle-one-hole excitations across the closed shell, which transfer the quantum numbers (NSh , n3, A) by LINsh =l, LIn3o;=l and LIA = ±2. Its excitation energy was about the same with that of the "K =0" vibrations, but its octupole strength was much weaker than the latter. In the present case of 192Hg, due to the presence of the finite pairing gaps LIn and LIp, we have appreciable contributions from two-quasiparticle excitations within the same major shells, in addition to those across the magic numbers, both for protons and neutrons. In contrast with the "K=l" octupole vibration discussed above, there is no LINsh=O excitation for the "K =2" mode. However, due to the (t. s)-and [2-terms, there exist many LINsh=l configurations with low-energies, some of which come even within the same major shells for the Nilsson potential corresponding to the superdeformed shape. For example, the Nilsson level [624i-] goes down so that it comes close to the [5121] level. Thus, there is no essential difference between both types of twoquasiparticle configuration with K =2, i.e., those across the major shells and those within the major shells, and they correlate coherently due to the octupole-octupole interactions. In this way, the strongly collective "K =2" octupole vibration is generated.
Concerning the "K =3" octupole vibrations, their collectivities are relatively weak in comparison with the K =0, 1 and 2 modes discussed above, when they are measured in terms of the octupole strength functions. The main reason is that the octupole strengths are considerably shifted from the high-K components to the low-K components, as is analytically shown in terms of the energy-weighted sum rule for the case of the harmonic-oscillator potential. In addition, the number of low-lying two-quasiparticle K =3 configurations are relatively smaller than those of the other modes, since both the LINsh=O and 1 excitations are absent in the case K =3.
Let us proceed to the case of larger values of Ghat displayed in Figs. 4 ~ 6. With increasing Ghat, the mixing effects between different K components become stronger, and the classification of the RPA eigenmodes in terms of the approximate K quantum number gradually becomes inappropriate. For instance the peaks seen at about 1.1 Me V in both the K = 1 and 2 components in the negative-signature sector (the righthand side) of Fig. 4 are associated with the same RP A eigenmode, in which the K =1 and K=2 octupole vibrations discussed in connection with Figs. 1~3 are appreciably mixed with each other. In a similar manner, the peaks seen at about 1.3 MeV in both the K =0 and 1 components in the same figure are associated with the eigenmode in which the K =0 and 1 octuPQle vibrations are fairly mixed. Due to such K-mixing effects, the octupole strength for each component is shared among many different octupole vibrations. Thus, for example, the number of peaks below 2 Me V in the K=O component in Fig. 5 (which is calculated at (f)rat=0.3 MeV) is appreciably increased in comparison with that in Fig. 1 at (f)rat=0. 05 MeV. Apparently, many among these peaks are associated with those in the K=l and 2 components. As a consequence of the K-mixing effects, the heights of individual peaks in each Kcomponent tend to decrease. It remains to be more thoroughly investigated whether this decrease indicates an onset of fragmentation of collectivities or simply indicates thatthe octupole operators with definite K (whose quantization axis are taken along It is seen that the strength of the K = 1 component in fact drops from about 100 to about 60 at Wrot=O.4 MeV, where the neutron pairing gap vanishes and the proton pairing gap is also largely diminished. A similar phenomenon is seen also for the K =2 component, but with smaller extent. Figure 8 =0 octupole vibrations are composed mainly of one-particle-one-hole excitations with LlNsh = 1 across the closed shells of the superdeformed shell structure. Therefore, they are expected to exist independent of the pairing correlations. In contrast, the low-lying K =1 octupole vibrations are composed mainly of two-quasiparticle excitations with LlNsh=O within the major shells. This kind of excitations are allowed in doubly-closed shell configurations only when the superdeformed states have finite pairing gaps. In this paper, we have explored this possibility by considering the superdeformed rotational band in 192Hg as a typical case. We have seen that they have large octu'pole strengths reflecting the fact that each major shell at the superdeformed shape consists of about equal numbers of positive-and negative-parity levels. The low-lying K =2 octupole vibrations are formed by superpositions of the particle-hole excitations across the closed shells and the two-quasiparticle excitations within the major shells. Thus, their characters are intermediate between the K =0 and 1 vibrations discussed above. The collectivity of the low-lying K =3 octupole vibrations measured by B(E3) values is weaker than those with K =0, 1 and 2, because of the reasons discussed in § 3. The above classification of the octupole vibrations in terms of the approximate K quantum number may be valid when the rotational frequency Wrot is small. With increasing Wrot, the Coriolis effects in a rotating potential play increasingly important roles, and different K components will eventually be mixed with each other. In our calculation for 192Hg, the K mixing effects are found to be very important for Wrot '<:0.2 MeV.
Although we have reported the result of a large-scale numerical calculation for 192Hg, quantitative details should not be taken too seriously, since we have not attempted any optimal choice of parameters appearing in our model Hamiltonian. For example, we have used the octupole-force strengths X3K that are theoretically derived for the case of the harmonic-oscillator potential. Details of the excitation energies of individual states could be sensitive to a slight modification of the X3K values.
The octupole strength functions calculated in this paper are those defined in the intrinsic frame associated with the uniformly rotating Nilsson plus BCS potential. In order to evaluate the B(E3) values, we should of course carry out a transformation into the laboratory frame. To do this on the basis of the cranking model, it is convenient to choose the quantization axis of the octupole operator along the rotation axis (instead of the symmetry axis of the potential). Such a representation is expected to be better suited to characterize the octupole vibrations at large values of ((hot. This will be done in our next paper .. It is well known that the octupole vibrations in deformed nuclei decay mainly by electric dipole transitions (rather than octupole).15) Since B(E1) values in deformed nuclei are proportional to o~sc B(E3), we expect that the dipole transitions associated with the octupole vibrations play important roles in superdeformed nuclei. According to our preliminary calculations/ 8 ) the B(E1) values are of the order 10-3 to 10-4 in Weisskopf units, and therefore the decay probability of the octupole vibrations by E1 is, of the order 10 3 to 10\ larger than that by E3. The calculation of B(E1) is in progress by taking into account the coupling effects with the giant dipole resonances.
The octupole softness of the superdeformed rotational bands has been suggested 17 ),19),22) also in the potential-energy calcuLations by means of the Strutinsky method. In these calculations, only the K =0 component of the octupole degrees of freedom has been taken into account. In view of the results discussed in this paper, it is strongly desired to extend sueh calculations to include the components with K =1 and 2.
Finally, we mention that the first experimental data suggesting strong octupole correlations in superdeformed rotational bands are recently reported for 193Hg20) and for 147Gd.2l)
